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Figure 18.1 Unpenalized Fit (left) and Penalized Fit (right) for Simulated Data

practical point of view, one can recommend
that selecting K large, e.g. based on Rup-
pert’s 2002 rule of thumb, performs satisfac-
torily well. For knot location, equidistant or
quantile-based allocation has proven to pro-
vide stable and convincing results. Generally,
experiments have shown that the location of
knots is not very influential on the properties
of the estimator.

Finally, the fitted curve in Figure 18.1 is
not normalized to fulfill constraint (18.2).This
can be easily done after fitting by replacing
(18.2) with its empirical version. Since this is
a technical, rather than modeling, issue it is
not discussed further here.

18.2.2 Penalized Spline
Smoothing and Linear
Mixed Models

We will now motivate (18.6) as a log likeli-
hood coming from a linear mixed model. We
therefore view the penalty term in (18.6) as a
normal prior following a Bayesian viewpoint.
That is, we impose a prior distribution on some

parameters. We will subsequently assume the
model

y|v ∼ N (Xβ + Zv, σ 2
ε In)

v ∼ N (0, σ 2
v D−), (18.7)

where y = (y1, . . . , yn) and X and Z are
matrices with row X i and Zi , respectively,
and In is the n-dimensional identity matrix.
Matrix D− is the (generalized) inverse of D
and if D is not of full rank, one has linear con-
straints on vector v. In the case where D = IK
we obtain, with (18.7), a standard linear mixed
model. In general, for any spline basis, we
can always decompose the spline approach to
obtain a form like (18.7); see Ngo and Wand
(2004). To relate the mixed model (18.7) to
the penalized least squares (18.6) we observe
that σ 2

v = σ 2
ε /λ plays the role of the penal-

ization parameter. Note that the linear mixed
model (18.7) can be rewritten by integrating
out v, which yields

y ∼ N
(
Xβ, σ 2

ε (In + λ
−1 Z D−Z ′)

)
.

The penalty parameter λ is now a regu-
lar parameter in a purely parametric model.
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Figure 18.2 Fitted Dynamic Effect of Full-Time Work Experience for High, Middle and
Low Educated Women (from left to right) Based on Model (18.12)

Table 18.1 Parametric Estimation Results for Model (18.12)

β̂ j (p-value)

effect high ISCED middle ISCED low ISCED

(Intercept) 2.89 (< 0.01) 2.55 (< 0.01) 1.95 (< 0.01)
σ̂u 0.19 0.21 0.28
σ̂ε 0.08 0.1 0.14

high variability, both on the residual as well
as on the individual level. The resulting fits of
m̂( f ulltimei t ) for each ISCED stratum are
given in Figure 18.3. In the displayed graph-
ical results we add the estimated population
effect β̂0 to the smooth effect of m̂(·) to make
the levels of the fitted function comparable
between the strata.

While the effect of full-time work experi-
ence indicates, for all three levels of educa-
tional attainment, a clear increasing shape to
the threshold of 10 years, the effect decreases
between 10 and 20 years and starts rising
again towards the end of the working careers.
Although it is not surprising to see an overall
higher wage level for higher-educated women,
the dynamic pattern of the effects, with a
decreasing effect after having 10 years of
full-time experience, can hardly be explained
with classical economic theory. This there-
fore motivates the extension of the models,
appending additional effects and thus gain-
ing a more comprehensive insight into the

estimated relationship between work experi-
ence and individual wages.

18.4 EXTENSION TO ADDITIVE
MODELS

Including more than one covariate in the
model leads to a semiparametric model. We
exemplify this by extending model (18.12)
to analyze the relationship between human
capital theory and the individual wage more
adequately. Besides the construction of dif-
ferent strata capturing the importance of edu-
cational achievements and the major covari-
ate of full-time work experience, many other
covariates are likely to influence an individ-
ual’s wage. Mincer (1974) and Becker (1993)
give further details for additional covariates
with respect to human capital theory. Anal-
ogous to fulltimei t , the (metrical) covariates
parttimei t and unemployed i t capture the time
or experience woman i has up to the year t
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Figure 18.3 Fitted Dynamic Effects for High, Middle, and Low Educated Women (first,
second, and third column respectively) Based on Model (18.13)
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